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j = q(j − i) + si
;qU
r′i′ = q(i






i′ > i + 1
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Sd = {(x,y) ∈ S : (t,y) ∈ convE ⇒ t ≤ x}
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+:&$(  V18 = V6∪{(±1,±1,0),(0,±1,±1),
(±1,0,± 1)}
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4 = 3× 3
3 = 3 × 1
2 = 3 × 4
1 = 3 × 2
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Ll = {M ∈ Z
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p = ax + by
Ü























Rpq0 (M) = {N ∈ Z
2 / p(N) ≤ p(M)
;qU
q(N) ≤ q(M)}
Rpq1 (M) = {N ∈ Z
2 / p(N) ≥ p(M)
;qU
q(N) ≤ q(M)}
Rpq2 (M) = {N ∈ Z
2 / p(N) ≥ p(M)
;qU
q(N) ≥ q(M)}
Rpq3 (M) = {N ∈ Z
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QCONVpq(E) = {M ∈ Z






















































































































∆ = {〈i,j〉 ∈ Q2 : i,j ∈ Z, min
M∈E



















































QCONVpq(E) = {M ∈ ∆ ∩ Z
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S ∩ Ri(M) = ∅⇐⇒ E ∩ Ri(M) = ∅
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 i ∈ {0, . . . 3} &$(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( (A,i) &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i = j = 0 & R0(N) ∩ E = ∅ N N = 〈max(p(A),p(B))− 1, max(q(A),q(B))− 1〉 
 
i = j = 1 & R1(N) ∩ E = ∅ N N = 〈min(p(A),p(B)) + 1, max(q(A),q(B))− 1〉 
 
i = j = 2 & R2(N) ∩ E = ∅ N N = 〈min(p(A),p(B)) + 1, min(q(A),q(B)) + 1〉 
 
i = j = 3 & R3(N) ∩ E = ∅ N N = 〈max(p(A),p(B))− 1, min(q(A),q(B)) + 1〉 
 
{i,j} = {0,1} NJ {i,j} = {2,3} & q(A) = q(B) & E &$(<ﬀ/YGj h( 1hﬁ0/#(^ X/ 1F&wxﬀ62ﬂﬁ0/
1F& , +:NJ/7-9>+:& q = q(A) 
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{i,j} = {1,2} NJ {i,j} = {3,0} & p(A) = p(B) &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ﬀ/YGj h( 1hﬁ0/#(R X/ 1F&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S0 = {M1, . . . ,Mn}
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p = x   q = y
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9NJ/ ) pmin = inf{p(M) / M ∈ E}
& pmax = sup{p(M) / M ∈ E} 
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inf{p(M) / M ∈ E}
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Z2 \ {y = cste}
Ü
Z2 \{x−y = cste}
Ü
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E ∩ (R0(x,y) ∪ R2(x + 1,y)) = ∅ =⇒ (E ∩R1(x,y) = ∅ NJ E ∩ R3(x,y) = ∅)
E ∩ (R0(x,y) ∪ R2(x,y + 1)) = ∅ =⇒ (E ∩R1(x,y) = ∅ NJ E ∩ R3(x,y) = ∅)
E ∩ (R3(x,y) ∪ R1(x + 1,y)) = ∅ =⇒ (E ∩R0(x,y) = ∅ NJ E ∩ R2(x,y) = ∅)













































(E ∩ R1(x,y) = ∅
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R1(i,jmin − 1) ∩ E = ∅
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E ∩ (R1(x,y) ∪R3(x,y + 1)) = ∅ =⇒ (E ∩ R0(x,y) = ∅
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E ∩ (R0(x,y) ∪ R2(x + 1,y + 1)) = ∅ =⇒ (E ∩R1(x,y) = ∅ NJ E ∩ R3(x,y) = ∅)
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NJﬀ D = {x,y,x − y,x + y} 
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A1 = (xA + 1,yA)
;qU








































































NJﬀ D = {x,y,x−y} 
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A1 = (xA + 1,yA)
;õU
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Ri(A) ∩ E = ∅
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Rpqi (M)
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 tu m&7NJ X+ G$`#ﬁhtu 7& 10ﬀ+:&$G9NJ/ d 1F& D ﬀ & '( &^ X/Y& 1F&wxﬀ6 10+$NJﬀO& 1F& 10ﬀ+$&$G9NJ/ d &































































































































65G$NJ/7=0&X& ,KNJ+ .NJ &/#(@&w "u'& ,KNJ+O&w &/7

65G$NJ/7=0&X& !&$( F/s&/#(@&w "u'&
E O&tu m& 7NJ F+I NJ F 7NJﬀ/7 M 6∈ E ﬀU& '(O&! F/s
W










































































S  &/7=0&'N  7&








QCONV FORTD(E) = {M |∀(i,p,q) ∈ A R
pq
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E4 = QCONVpq(E3)E2 = QCONVpr(E1) E3 = QCONVqr(E2)
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V pqr0 (M) = {N / p(N) ≤ p(M)
;õU
q(N) ≤ q(M)} = Rpq0 (M)
V pqr1 (M) = {N / p(N) ≥ p(M)
;õU
r(N) ≤ r(M)} = Rpr1 (M)
V pqr2 (M) = {N / q(N) ≤ p(M)
;õU
r(N) ≥ r(M)} = Rqr3 (M)
V pqr3 (M) = {N / p(N) ≥ p(M)
;õU
q(N) ≥ q(M)} = Rpq2 (M)
V pqr4 (M) = {N / p(N) ≤ p(M)
;õU
r(N) ≥ r(M)} = Rpr3 (M)
V pqr5 (M) = {N / q(N) ≥ q(M)
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üW¦    ( 































 D &$(! X/ &/#(@&w "u'& 1F& 10ﬀ+$&$G9NJ/#( +.ﬁ09NJ/7/Y&ﬀ'&$( & E  X/ &/#(@&w "u'&
ﬀ/#(
c





 E &$(  65G$NJ/7=0&X&(@&'NJ/ '&$(xG$NJ 2'&$( (p,q) 7NJ F+!ONJ F q ∈ D 
ﬀ
 E &$(  65G$NJ/7=0&X&(@&'NJ/ D
X`;
E &$(  65G$NJ/7=0&X&(@&'NJ/ ONJ T(!'&$(xG$NJ 2'&$( (q,r) ∈ D2 
<









































































































p = αq + βr K?
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 Rpq0 (M)∩E = ∅
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Rpq1 (M)∩E = ∅
L 8
 p = αq +βr K?
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α > 0,β > 0
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Rpr2 (M) ∩ E = ∅
CO?
Rpr3 (M) ∩ E = ∅
L ùCO@@A;




























p = cste p = cste
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(∀i V pqr2i+k(M) ∩ E 6= ∅)
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r = αp + βq K?
;q£




A ∈ V pqr0 (M) ∩ E
Ü
B ∈ V pqr2 (M) ∩ E
Ü
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q = q(M) N
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S ′ = {(M,i,p,q) : (i,p,q) ∈ A
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/#(@&w "u'& E = {(0,0),(2,0),(1,4)} &$(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k > n + 1
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λi1 + ταi1 = 0
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[a + 1,b− 1] N#
B
D2f(i) = f(i + 1)− 2f(i) + f(i− 1)
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f(i + 2)− f(i + 1) = f(i + 1)− f(i) + D2f(i + 1)







(f(i′ + 1)− f(i′))
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∀A,B,C ∈ E conv(A,B,C) ∩ Z2 = {A,B,C}.
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v′ = v mod 1
L
Z X




N ′ ∈ conv(A,B,C)
L 8;q8[:q[?X©U^
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 M = αA + βB + γC K?
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A′ = −A + B + C
Ü
B′ = A− B + C
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p = ax + by,q = cx + dy
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XpE(i) = |{N ∈ E | p(N) = i}|.
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 q = x− 2y 
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N = {〈l,m〉 | − δ < l,m < δ, (l,m) 6= (0,0), m ≡ κl [δ]} ∪ {〈±δ,0〉,〈0,± δ〉},
;õUÊ[CO8£ª<
|N | = 4|{(l,m) ∈ ]0,δ[2 | m ≡ κl [δ]}|+ 4









p = 2x + y
;õU
q = x− 2y
ÜhCÝ8
 δ = 5
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D(M) = DP (p(M)) + DQ(q(M))
CGF

















′) = |{M ∈ E | p(M) ≤ i}|,




′) = |{M ∈ E | q(M) ≤ j}|,




′) = |{M ∈ E | p(M) ≥ i}|,
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S0(i) + S2(i + 1) = S1(j) + S3(j + 1) = |E|
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DP (i + 1)−DP (i) = α
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i′∈Z






















= α(S0(i)− S2(i + 1))
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DP (i + 1)− 2DP (i) + DP (i− 1) = 2αXp(i) ≥ 0,
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signe(i′′ − i) = signe(i′ − i) signe(j ′′ − j) = signe(j ′ − j),
i′′ ≡ i′[δ] j ′′ ≡ j ′[δ],
−δ < i′′ − i < δ − δ < j ′′ − j < δ,
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j ′′ ≡ κi′′ [δ]
i i + δ
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N ′ ∈ M + N
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i′ ≥ i + δ
Ü3£qCO@A@;
(+δ,0) ∈ N ′
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[i + δ, +∞[
L#]^CO83£
DP (i) ≤ DP (i + δ) ≤ DP (i′)
L
8
 i ≤ i′′ ≤ i + δ
[CÝ8£
DP (i′′) ≤ max(DP (i),DP (i′)) = DP (i′).
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i′ ∈]i− δ,i + δ[
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DQ(j ′) ≥ DQ(j ′′)
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DP (i) ≤ DP (i−1), DP (i) ≤ DP (i+1), DQ(j) ≤ DQ(j−1), DQ(j) ≤ DQ(j+1)
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S1(j − 2) + S1(j − 1) ≤ |E| ≤ S1(j) + S1(j + 1)
S0(i) + S1(j) ≥ |E| S0(i) + S3(j) ≥ |E|
S2(i) + S1(j) ≥ |E| S2(i) + S3(j) ≥ |E|


























































































NJﬀ E  X/Y& #ﬁ0+,9& - /79&R1F& Z2
 
W
 E &$( 8 65G$NJ/7/Y&X&Iﬁ0'NJ+$( E ﬁh10w & ﬁ0 2j h( !Ew
c
10ﬁ0/#( 7NJ F+Iﬂﬁ_10'( ﬁ0/YG$& d1 
 
W
 E &$( 4 65G$NJ/7/Y&X&Iﬁ0'NJ+$( E ﬁh10w & ﬁ0 2j h( !Ew
c
10ﬁ0/#( 7NJ F+Iﬂﬁ_10'( ﬁ0/YG$& d∞ 
   
  	eU 


































































   

W
 Si(M) + Si+1(M) > |E| ﬁ0'NJ+:( Ri(M) ∩ E &$(e/YNJ/ =@1F& 
W
 Si(M) +
























E = E ∩ (Ri−1(M) ∪ Ri+1(M))
DX
Si(M) + Si+1(M) = |E|
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DP (p(M)± 1) ≥ DP (p(M))
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Si−1(M) + Si(M) ≥ |E|
CO8
 Si−1(M) =
|E ∩ (Ri−1(M) ∪Ri+2(M))| = |E|
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E ∩ Ri(M) \ {M}
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E ∩ Ri(M) \ {M}
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x + y,x− y
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 DP (p(M)± 1) ≥ DP (p(M))
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E ⊂ R3(M) ∪ R1(M)
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 S0(M) =
|E ∩ L ∩ R3(M)|
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S2(M) = |E ∩ L ∩ R1(M)|
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p1 ≤ p(M) ≤ p2
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p1 < p(N) < p2
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?;@BAC= ((pi)i∈Z,p ∈ D) DFEHG IJA>LKM=ONG PQ= N A@RDS=>TTVUHKW@,XYPV?<

SVgYKJImDﬀ Z
P[APQ=4A\S]^IJA E ∈ F _Y=?`?;IYAba!?J=@AC_cN
UHPV@RIJAC=dTKMUBefACg@?hUHPQ=OE iK? XjAPV@ ∀p ∈ D∀i ∈







?;@BAC= ((pi)i∈Z,p ∈ D) DnEHG IJA>
KM=oNG PQ= N A@jDp=>4TTVUHKW@XYPV?<
q
QHDﬂGYKJImSVF,sr
a!?J=@BAt@t?;Iu>LP8AvAPQ=4A\S]^IJA E ∈ F N
UHPV@dIJAC=ﬀTKMUBefACg@w?hUHPQ=SE iKW? XjAPV@ ∀p ∈ D∀i ∈












F lﬂS4FEFiA{LK8_EgJILFElﬂIL_iA4oLDﬂhDﬂFdK¹BHDﬂQblﬂA4G8SV´)ﬀ*,+.-0/(14365x7(+936:;-0/_aDﬂQHKeKsgYDrgJMﬂGYSVomQ DfF KsDﬂh_EG
_.SVo{XFESVhIpA4oV
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f : R2 → R f : R2 → {0,1}
3 34 1 2
f : Z2 → {0,1}








































pmin = min{i : pi > 0}, pmax = max{i : pi > 0}
qmin = min{j : qj > 0}, qmax = max{j : qj > 0}




∆ = {〈i,j〉 : pmin ≤ i ≤
pmax
DfK


































































α ⊂ E ⊂ β.
!
Z


















α ⊂ α′ ⊂ E ⊂ β ′ ⊂ β.
A4QHKsgYDﬂhDﬂFdKwBEILK






































q(M), d(αi) = max
M∈αi
q(M), g(βi) = min
M∈βi

























⊕αi = {〈i,j〉 : g(αi) ≤ j ≤ d(αi)}
L






〈i,j ′〉 6∈ βi
A|c4Dﬂl
j ′ ≤ g(αi)
AvomSVgYG






〈i,j ′〉 6∈ βi
DfGYKwKsDfoP}zQED
j ′ ≥ d(αi)
A4oLSVgJG





























〈i,j ′〉,〈i,j ′′〉 6∈ β
A|cVDfl
0 < j ′′−j ≤ δpi
A4omS4gJG
′′βi = {〈i,j〉 ∈ βi : j < j ′
SVQ




































Rk(M) ∩ α 6= ∅
SVQ




























































? ?? ? ? ?
? ? ? ? ? ? ?
? ? ? ?
? ?
? ? ? ? ? ? ?
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Rk(M) ∩ α 6= ∅
SVQ


































q(B) − q(A) = δ
DK












































































Vi(M) = “Ri(M)∩E0 6= ∅
SVQ


































   ﬁﬀ ﬂ
UH>LK @UH>L@ α0,β0 UHP TVA>L@S@wKMUH>
E AK AP O((lplq)
2(lp + lq)) UCTViKbG @w?hUHPQ= α,β
=@hG]^IJAC=jTQG KﬀIJAC=zUCTViKbG @w?hUHPQ=N
A gCUH\ TIJi@w?hUHP A@y@AI=	^>,A E(α,β) = E(α0,β0) <
   ﬁﬀ
PSTVA>
@RU ]^@BAPV?;K α A@ β ?;PVEHG K?G PV@;=RTQG K @BUH>
@BAC=ﬁIJAC=oUCTViKbG @?hUHPQ= =^G > , 	′ AP
O((lplq)2) <
!  










S1(M) + S2(M) > AS0(M) + S1(M) > A
S3(M) + S0(M) > A S2(M) + S3(M) > A
S1(M) + S2(M) > AS0(M) + S1(M) > A





R1(M) ∩ α 6= ∅  

R0(M) ∩ α 6= ∅  

R3(M) ∩ α 6= ∅  

R2(M) ∩ α 6= ∅  

M ∈ Z2
⊕′α = α ∪ {M}
R1(M) ∩ α 6= ∅  

R0(M) ∩ α 6= ∅  

R3(M) ∩ α 6= ∅  

R2(M) ∩ α 6= ∅  

∆0









AC=zUCTViKbG @w?hUHPQ= ⊕′ A@ 	′ <





A TVUH>LK U ]^@APV?;K α A@ β ?;PVEHG t
K?G PV@;=zTQG K IJAC= UCTViKbG @?hUHPQ= ⊕, 	 , ⊗ , AP O(lplq log(lplq)) UCTViKbG @w?hUHPQ=^< G I >VA>
KMA> =4A\FAPV@
gCA@w@A G I <
UHK?;@'>
\FAﬀP8Aﬀ= i@APNTQGH=ﬁ=?;\ TIJA\FAPV@9TVUH>















































































S1(M) + S2(M) > AS0(M) + S1(M) > A
q = jM
p = iM













R1(M) ∩ α 6= ∅  

R0(M) ∩ α 6= ∅  

R3(M) ∩ α 6= ∅  





M 6∈ Z2 M 6∈ Z2
A ∈ Z2








K 	^>VUH? E gCUHPV@?hAPV@t@wt?;I A UH> B 






















αi = {〈i,j〉 : g(αi) ≤ j ≤ d(αi)}























βi = {〈i,j〉 : g(βi) ≤ j < g(βi)+δpi
SVQ


























   ﬁﬃﬂ
UH>LK`@BUH>
@ i ∈ {pmin, . . . ,pmax} _@BAI 	^>VA pi 6= 0 ?;IQAba!?J=@A j @BAI 	^>VA S1(〈i,j〉)+
S2(〈i,j〉) > A A@ S3(〈i,j〉) + S0(〈i,j〉) > A <















jmin = min{j : S1(j) + S2(i) > A}
L
]SVFHl
S1(jmin− 1) + S2(i) ≤ A
A− S3(jmin) + A− S0(i− 1) ≤ A





S0(i) = S0(i− 1) + pi > S0(i− 1)
uiDfKBES4FEl





AC=oN KMUH?;@BAC= p = i =4UHPV@yN

























S1(〈i,j0〉) + S2(〈i,j0〉) > A
DK






























∀k Rk(M) ∩ {U1,U2} 6= ∅
SVQ























q(U1) ≤ j0 ≤ q(U2) j0 < q(U1) j0 > q(U2)








KM=oGTTI ?	^>,AKﬀI UCTViKbG @?hUHP ⊕′ UH> 	′ =>
Kzg
>QG


































AC=oN KMUH?;@BAC= q = j =4UHPV@jN









|βi| = 2pi − |αi|
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APV@ =c=4UHPV@RAP8gCUHKMAﬁE4KbG ?J=d=?`UHP =>TTVU4=4Ad=4A>
IJA\FAPV@
α A@ β ?;PVEHG KW?G PV@ =uTQG KcIJAC=ﬀUCTViKbG @?hUHPQ=ﬁUCTViKbG PV@6=>
K IJAC=dI ?ﬃ< P8AC= ⊕,	 ,⊗ , ,′ ,′′ 	 DSgCUHPN ?;@w?hUHP
@UH>L@A
,




UH?J= IJAC=ﬀUCTViK G @?hUHPQ= ⊕′,	′ <

 GTK









@BAC= IJAC= N KMUH?;@BAC=n=4UHPV@N
A @;WTVA ti AP
O((lplq)2) UCTViKbG @w?hUHPQ=^<
ﬂ








G ?;KCAvgCA@@BA UCT@?;\z?J=^G @w?hUHP g G KSI G TKMUHt
g





GUHP>LP8A gCUH\ TIJAba!?;@i AP O((lplq)2(lp + lq)) <
    
? UHP P  A 




ﬁA@Y=? UHP TKMAPN p = x A@ q = y G IJUHKM=OI G gCUHPfX < >LKbG @?hUHP N
UHPVP8iCA TQG KOI GﬁX < >LKMA

<vAC=@y=@hG]^IJA
TQG Kﬀ@UH>L@AC=OIJAC= UCTViKbG @w?hUHPQ= =^G >
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aLA\ TIJA\FUHPV@KbG PV@YI GFP8iCgCAC=C=?;@BiON
AﬀI UCTViK G @?hUHP ′′ <









































































































































































  ﬁ 
UH?;@ V >LP8AvGH=C=?ﬃ< PG @w?hUHP N
AC= EHG KW?G]^IJAC= ]U4UHIJiCAPVP8AC=n@BAI;IJAC= 	^>,A E(V ) AC=@+*jt
gCUHPVE AbaLA^<
7
 APQ=4A\S]^IJA E(V ) E iKW? XjA Xq(E(V ))(j) = qj =?6A@8=4A>
IJA\FAPV@x=? V E iKW? XjARI G-,fUHKW\z>LIJA
FQj <
?
? ? ??? ?
? ? ??? ?? ?
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S4FEGJILBEMﬂgYSVFEGomDfG }'BEDfh'I [ BEgYSVILKJDﬂG







∆0 ∩ αi 6= ∅
S4Q




























































































































































    
7
 APQ=4A\S]^IJA E(V ) AC=@ *jt gCUHPVE AbaLA(=4AIJUHP p A@ q A@E iKW? XjA ∀i,jXp(i) = pi,Xq(j) =
qj =?0A@2=4A>









IJA F AC=@Y=^G @?J= ,&G ?J=^G]^IJA^<
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p(U1) = pmin,p(U2) = pmax %
& 
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p = i,q ≥ q(M)
SVQ
































q = j,p ≥ p(M)
SVQ
































p = i,q ≥ q(M)
SVQ







q = j,p ≥ p(M)
SVQ















(β \ α) ∩ R2(M)
AvomSVgYGrImo
DbImGKsDBEDﬂGﬀ_aSVILFzKJG
P1 ∈ R1(M),P2 ∈ R3(M)
KsDﬂoLGN}zQED
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P APQ=4A\S]^IJAmXYPV? D N
AoN ?;KMACg@w?hUHPQ=C_ |D| =>




P APQ=4A\S]^IJA E ∈ Q(D) _=??;IﬁAba!?J=@AC_oN
UHPV@ IJAC=zTKMUBefACg@w?hUHPQ= E iKW? XjAPV@ ∀p ∈
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? D gCUHPV@w?hAPV@ {x,y} A@ =? F AC=@ﬁI G gI GH=C=4A N















[ lﬂSVFdcVDbDﬂGy\[ lfSVFEFEDHDfGGYSVFdKDHA4lfKJDﬂhDﬂFdKomDﬂGY[ lﬂS4FEFEDbDfG·c2[ lﬂSVFdcVDbDﬂGﬂu
SVg8BEA4FEG











































































α = A1 ∪ . . . ∪ An
L¤
S4ILK






































































AOI G Vt gCUHPVP8Aba!?;@i TQG KOI Gt ,fUHKW\z>LIJA (Vx0,y0 ∨ Vx0+1,y0+1) ∧ (Vx1,y1 ∨
Vx1+1,y1+1)∧ (Vx2 ,y2 ∨Vx2+1,y2+1) <

A>LI= IJAC=`TVUH?;PV@ =ﬀN







&    
? D gCUHPV@?hAPV@ {x,y} A@ =? F AC=@ﬁI G gI GH=C=4A N





@ @KMAKCiC=4UHI > AP O(n7) UCTViKbG @w?hUHPQ=^<
       
7





	.t gCUHPVE AbaLAC= Vt gCUHPVP8AbaLAC=
gCUHPQ=?J=@BARD \FA@@wKMARN
AC=`?;P8iﬀ<G I ?;@iC=YI G K<
AC=RNG PQ=YIJAC= gCUHPN ?;@?hUHPQ=yN
A`I UCTViKbG @w?hUHP ⊕′ <
r
PFA 
ﬁA@8N  GTK 
C=
IJAIJA\z\FA <
<nIJUHKM= 	^>,A Sk(M) + Sk+1(M) ≥ A A@ Rk(M) ∩ E = ∅ G IJUHKM= E ⊂ Rk−1(M) ∪
Rk+1(M) gCA 	^>
?dAC=@R?;\ TVU4=C=?]^IJAIJUHKC= 	^>VA E AC=@ Vt gCUHPVP8AbaLA^< E ACgngCA@@BAnUCTViKbG @w?hUHP IJAoP8U ;!G > α
AC=@jN ?;KMACg@A\FAPV@ Vt gCUHPVP8AbaLAC_u@BUH>
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?;@BAC= ((rpi )i∈Z,p ∈ D) D EHG IJA>






P APQ=4A\S]^IJA E ∈ F _`=?`?;IuAba!?J=@AC_cN
UHPV@jIJAC=cTKMUBefACg@?hUHPQ= E iKW? XjAPV@ ∀p ∈ D∀i ∈
Z Xp(i) = r
p







β = ∆ ∩ β0
L


























µ,h'S4FzKJgJDT}zQPORDﬂF jAvILK KsgYﬂGGJSVQbcVDﬂFdKA4QElﬂQHF _EILDﬂB FPO DfGYK
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E− = F− \F+
DfK
















I GvgI GH=C=4A F A@yI APQ=4A\S]^IJAC=N
AoN ?;KMACg@?hUHPQ= D =?RUHP GFIJAC=oN
A> a gCUHPN ?;@?hUHPQ=ﬁ=>
?;EHG PV@BAC=  
ﬀ 7
AC= APQ=4A\S]^IJAC= E− A@ E+ =4UHPV@jN ?J= efUH?;PV@;= A@ UHPV@y\ \FAjTKMUBefACg@?hUHPQ= =4AIJUHP D <
ﬀ

I(Aba!?J=@A E0 N ?J= efUH?;PV@yG E ACg E
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{E ⊂ Z2 : E ∪ E+ ∈ F
DfK





E+ ∪ E0 ∈ F
DfK























E0 = limn→+∞ Fn
SV´
F0 = ∅,
Fi+1 = (ENVP(Fi ∪ E














































F ← (ENVP(F ∪ E+) \ E+) ∪ ENVP(F ∪ E−) \ E−)
ﬀ
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(Q(x,y,2x + y,− x + 2y),{x,y,2x + y,− x + 2y})
L













GzN KCUH?;@AYTKMUBefACg@w?;E AcKMiCAI;IJAﬀAC=@(I APQ=4A\S]^IJA P1(R) = R∪{∞} < 7  APQ=4A\S]^IJA
N
AC=pN ?;KCACg@?hUHPQ=zN
A R2 AC=@ AP ]^? efACg@?hUHP G E ACg P1(R) < K 
gCApD I GTTI ?hg G @?hUHP
_aDﬂFdKsD





P gCUHP ,fUHPN KbG N
UHP8gn=4UH>LE APV@ﬀ>




P8A @wKbG PQ= ,fUHKW\SG @?hUHP
TKMUBefACg@?;E AzAC=@R>
P8A ,fUHP8g@?hUHP N
A P1(R) NG PQ=I >
?;t\ \FAoN
AOI G ,fUHKW\FA y 7→
a+by
c+dy




AI GTTI ?hg G @?hUHPI ?;P8i G ?;KMAON











ApI G N KMUH?;@AﬁTKMUBefACg@w?;E AzKCiCAI;IJA P1(R) =
R ∪ {∞} AC=@RN












(x3 − x1)(x4 − x2)
(x3 − x2)(x4 − x1)
G E ACgﬁIJAC= gCUHPVE APV@w?hUHPQ=OiE4?N
APV@BAC=ﬁIJUHKM= 	^>,A ∞ AC=@ APOefA> < 7 Ao]^?;KbGTTVUHKW@`N
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β− ∩ α+ = ∅,β+ ∩ α− = ∅,α+ ⊂
β+,α− ⊂ β−
   #	  $	
p ∈ D
DfK

















α+ ← α+ ∪ {M ∈ β+ : p(M) = i}





α+ ∩ β− = ∅
lﬂA4g









α− ← α− ∪ {M ∈ β− : p(M) = i}













M ∈ (β+ ∪ β−) \ (α+ ∪ α−)
KsDfo#}zQED
p(M) = i
β+ ← β+ \ {M}












F ← (ENVP(F ∪ α+) \ β+) ∪ ENVP(F ∪ α−) \ β−)
ﬀ













β− ← β− \ (F ∪ ENVP(α+))
β+ ← β+ \ (F ∪ ENVP(α−))
     
  ^4
 	    M   ¥VZ
 
  	    j/(7 ,56*
(α+,α−,β+,β−)
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 APQ=4A\S]^IJA E = {A1,A2, . . . ,An} ⊂ R2 AC=@d>
P TVUHI ;<
UHP8AFgCUHPVE AbaLA
=? ∀A ∈ E UHP G A 6∈ conv(E \ {A}) <
ﬀ 7
AjTVUHI ;<
UHP8A E ⊂ R2 AC=@Y>LP D tJTVUHI ;<
UHP8A =?0@BUH>
@AoN KCUH?;@A d N
AON ?;KMACg@?hUHP NG PQ= D E iKW? XjA
|d ∩ E| ∈ {0,2} <
ﬀ 7
AYTVUHI ;<
UHP8A E ⊂ R2 AC=@uN ?;@YG P8A\FAPV@mKMiﬀ< >LI ?hAK =?2?;I6Aba!?J=@A >LP8A @wKbG PQ= ,fUHKW\SG @?hUHPG P8A



























?;P< t gCUH\ TVUHP8APV@

TVUH>
KﬁI G gI GH=C=4AﬀN
AC=ﬀ@UH@ G IJA\FAPV@`gCUHPVE AbaLAC=OA@uI APVt
=4A\S]^IJAN







I(Aba!?J=@A>LP D tJTVUHI ;<
UHP8A gCUHPVE AbaLAﬁ?;P8gI > =oNG PQ= Z2 <
9 <

I(Aba!?J=@A>LP D tJTVUHI ;<
UHP8A gCUHPVE AbaLAﬁ?;P8gI > =oNG PQ= Q2 <
 <

I(Aba!?J=@A>LP D tJTVUHI ;<










A   N ?;KMACg@w?hUHPQ=OgCUHPQ=4iCg>L@?;E AC=ON








P8A @wKbG PQ= ,fUHKW\SG @?hUHP I ?;P8i G ?;KCAdKbG @?hUHPVP8AI;IJA φ N
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| F2 = {0,1,∞,− 3,− 1}
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A E+ =4UHPV@RiIJi\FAPV@ G ?;KMA\FAPV@Yi 	^>L?;EHG IJAPV@;=  A ∼e B 	 =?
?;ImAba!?J=@BA i _ p _ q _ N ∈ Q2 @AI=	^>,A A,B ∈ Rpqi (N) A@ R
pq










A>a gCUHPN ?;@w?hUHPQ= =>L?;EHG PV@AC=
ﬀ ASP (A) = Rpqi (A) A@ ASP (B) = R
pq
i (B)
ﬀ ASP (A) ⊂ ASP (B) UH> ASP (B) ⊂ ASP (A) U IJA TVUH?;PV@ N ∈ {〈p(A),q(B)〉pq,
〈p(B),q(A)〉pq} @AI 	^>VA A,B ∈ R
pq
i (N) _yE iKW? XjA R
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i (N) ∩ E
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p(N) = p(A),q(N) = q(B)
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′) ⊂ ASP (A′)
DfK
Rpqj′ (B






A ∈ Rpq0 (A
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B ∈ Rpq0 (B
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Rpr0 (M) ⊂ ASP (M)
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Rpr3 (M) ⊂ ASP (M)
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Rpr2 (M) ⊂ ASP (M)
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p(M1) ≤ p(Mp) = p(M) ≤ p(Mr) ≤ p(M2)
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A′ ∈ Rpr1 (B
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2 (M1) ∩ E
+ = ∅,
Rpq2 (M2) ∩ E
+ = ∅,
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M ∈ Rpq2 (N




















p(M1) ≥ p(Mq) ≥ p(M) = p(Mp) ≥ p(M2)




M1 ∼Mq ∼Mp ∼M2
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A′ ∈ Rpr1 (B
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| i′ = 3
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j ′ = 2
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i′ = 2,j ′ = 1
L
| i′ = 3
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UH?hAPV@ M1,M2 ∈ Z2 A@ p,q ∈ D <

PSN
i XYPV?;@,IJAC=9TVUH?;PV@;= N1 = 〈p(M1),q(M2)〉pq _
N2 = 〈p(M2),q(M1)〉pq _ N
A TI >=zUHP=>4TTVU4=4A N1 ∈ R
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@UH> = r,s ∈ D IJAdTQG KbG I;IJiIJU=< KbG \z\FA {M : r(M) ∈ [r(M1),r(M2)] A@ s(M) ∈ [s(M1),s(M2)]}
















r = αp + βq,s = α′r + β ′q
A¯c4Dﬂl
α ≤ 0,α′ ≤ 0,β ≥ 0,β ′ ≥ 0
L%
SVIK
N ′1 = 〈q(M2),r(M1)〉q,r
DfK
N ′2 = 〈q(M1),r(M2)〉q,r
u
N ′′1 = 〈r(M1),s(M2)〉r,s
DfK









q(N ′1) = q(M2)
S4F*A
q(N ′1) ≥ q(M1)
L
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p = p(M2) p = p(M1)
q = q(M1)
q = q(M2)
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B1 = {M |pmin ≤ p(M) ≤ pmax}















































Rpq0 (M) ⊂ ASP (M)
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D1 = B1 ∩ E−
L
]Dh'efh'D
D = B2 ∩ E+
DfK
D2 = B2 ∩ E−
S4´
D2 = {Mq|M ∈ D}
La±
FBEMfEFEILK2A4oLSVgJG%oLDﬂGZtgJMf¬VImSVFHG8GJQEIc4AvFzKJDﬂG
V1 = {M |p(M) < pmin
DfK
q(M) > qmax}
V2 = {M |p(M) > pmax
DfK
q(M) < qmin}


























































































B1 ∩B2 ⊂ Rrsi (N)
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C,C ′ ∈ V3
KsDﬂoLG}XQHD
A ∼e C ∼ C
′ ∼e B.
D ⊂ Rpq1 (A)
u
D ⊂ Rpq0 (C)
u
D ⊂ Rpq3 (B)
BESVFEl_aSVQEgNKsS4QHK
M ∈ {A,B,C,C ′}
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Π = Rpqi (N) U N = 〈p(A),q(B)〉pq A@ Π∩E = {A,B} _ R
pq
i (A)∩E =
{A} _ Rpqi (B) ∩ E = {B} <
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r = αp + βq
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A′ ∈ Rpq1 (A)
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r(M) = r(M ′)
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UHP8AG E ACg D = {x,y} \SG ?J= MP P 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i,p,q,N1,N2
KsDﬂoLGª}zQED
Rpqi (N1)∩E = {A,B}
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E ∩ {p ≤ p(C)} = {A,B,C,Cp}
DfKBHSVFEl
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? Ai,Aj ∈ E E iKW? XjAPV@ i 6= j _ p(Ai) = p(Aj) G IJUHKM= TVUH>LK@BUH>
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φ : Cm → Cm
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0 ≤ j < j ′ ≤ m
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M ∈ F = φ(Y1)
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(F ,p,q) cACgCUHPQ=@K>Vg@?hUHP GTTKCU4g
>ViCA 	 <
]2SVFEFEMfD'




j)j∈Z D EHG IJA>




P APQ=4A\S]^IJA E ∈ F _2=?m?;I6Aba!?J=@BAC_YN
UHPV@uIJAC=RTKMUBefACg@w?hUHPQ= E iKW? XjAPV@ ∀i,j ∈ Z pi ≤
Xp(i) ≤ p
′





pmin = min{i : pi > 0}, pmax = max{i : pi > 0}
qmin = min{j : qj > 0}, qmax = max{j : qj > 0}
pmin′ = min{i : p′i > 0}, pmax
′ = max{i : p′i > 0}
qmin′ = min{j : q′j > 0}, qmax
′ = max{j : q′j > 0}
lp = pmax′ − pmin′ + 1, lq = qmax′ − qmin′ + 1
∆ = {N ∈ Z2 | pmin′ ≤ p(N) ≤ pmax′
DK
qmin′ ≤ q(N) ≤ qmax′}.
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(F ,p,q) dACgCUHPQ=@KW>,g@?hUHP GTTKMU4g
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TTVUHKW@ XYPV?
@AI;IJAC= 	^>,A pmin = pmin′,pmax = pmax′,qmin = qmin′,qmax = qmax′ <
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UHPV@uIJAC=yTKMUBefACg@?hUHPQ=ﬁE iKW? XjAPV@ ∀i,j ∈ Z pi ≤




























































pmin′ ≤ ppmin ≤ pmin, pmax ≤ ppmax ≤ pmax′,
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Rk(M) ∩ E = ∅  ,
A|cVDﬂl






Z2 E = Φ(V )
GJQEIc4AvFzKJD
E = Φ(V )
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Rk(M) ∩ E = ∅
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(L1(j) ∧ L2(j) ∧ L3(j) ∧ L4(j))












L1(j) = V0(〈i,j〉)⇒ ¬V2(〈i,j + δl〉)
L2(j) = V0(〈i,j〉)⇒ ¬V3(〈i,j + δl〉)
L3(j) = V1(〈i,j〉)⇒ ¬V2(〈i,j + δl〉)
L4(j) = V1(〈i,j〉)⇒ ¬V3(〈i,j + δl〉)
L′1 = ¬V2(〈i,qmini + δ(l − 1)〉)
L′2 = ¬V3(〈i,qmini + δ(l − 1)〉)
L′3 = ¬V0(〈i,qmaxi − δ(l − 1)〉)






P APQ=4A\S]^IJA E AC=@ *jt gCUHPVE AbaLA=4AIJUHP p A@ q A@ E iKW? XjA XpE(i) ≥ l
G IJUHKM= V = Ψ(E) =^G @?J= ,&G ?;@ LB(p,i,l) <
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qmin ≤ j ≤ qmax− δ
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M = 〈i,jM 〉 ∈ E
c4MﬂgYIL A4FdK






(V0(A) ∨ V1(A))⇒ (¬V2(B) ∧ ¬V3(B))
lﬂDr}zQEI
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M ∈ [AB) ∩ ∆
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j ′ = max{j : V0(〈i,j〉)
SVQ
V1(〈i,j〉)}
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C = 〈i,j ′〉
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C = 〈i,j〉 ∈ ∆
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pmin ≤ j ≤ pmax− δ
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E = Φ(V )
GJGYI
F = {M ∈ ∆ / ∀(k,p,q) ∈ A ¬V pqk (M)};
V = Ψ(F )
GJGYI
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¬V pqk (Mmax − (l − 1)~p)
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(QF(D),D) G IJUHKM= V = Ψ(E)
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{x,y} |D| = 2 |D| ≥ 3
|D| ≥ 4
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{x,y,x + 2y, − 2x + y}
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{x,y,2x + y,x− 2y}
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D = {x + y,x − y}
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D = {x + y,x− y}
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D = {x + y,x− y},d = 2
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